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Abstract

A detailed study on the design of decentralized Receding Horizon Control (RHC) schemesfor decoupled systemsis presented.
An optimal control problem is formulated for a set of decoupleddynamical systemswhere cost function and constraints couple
the dynamical behavior of the systems.The coupling is described through a graph where each system is a node and, cost and
constraints of the optimization problem associated with each node are only function of its state and the states of its neighbors.
The complexity of the problem is addressedby breaking a centralized RHC controller into distinct RHC controllers of smaller
sizes.Each RHC controller is associated with a di�eren t node and computes the local control inputs basedonly on the states
of the node and of its neighbors. We analyze the properties of the proposedschemeand intro duce su�cien t stabilit y conditions
based on prediction errors. Finally , we focus on linear systems and show how to recast the stabilit y conditions into a set of
matrix semi-de�niteness tests.
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1 In tro duction

Research on decentralized control dates back to the pi-
oneering work of Wang and Davison in [35] and since
then, the interest has grown signi�cantly . Decentral-
ized control techniques today can be found in a broad
spectrum of applications ranging from robotics and for-
mation 
igh t to civil engineering.Such a wide interest
makesa survey of all the approachesthat haveappeared
in the literature very di�cult and goesalso beyond the
scope of this paper. Approachesto decentralized control
design di�er from each other in the assumptions they
make on: (i ) the kind of interaction between di�eren t
systems or di�eren t components of the same system
(dynamics, constraints, objective), (ii ) the model of the
system(linear, nonlinear, constrained,continuous-time,
discrete-time), (iii ) the model of information exchange
between the systems,and (iv ) the control design tech-
nique used.

Dynamically coupledsystemshave beenthe most stud-
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ied [5,7,31,33,35]. In particular the authors in [5,14]
consider distributed model predictive control of large
scale systems with coupled linear time-invariant dy-
namicsand proposea schemeusingstabilit y-constraints
and assuming a one-step communication delay. Su�-
cient conditions for stabilit y with information exchange
betweenthe local controllers are given.

In this paper, we focus on decoupled systems. In a de-
scriptive way, the problem of decentralized control for
decoupledsystemscan be formulated as follows. A dy-
namical system is composedof (or can be decomposed
into) distinct dynamical subsystemsthat can be inde-
pendently actuated. The subsystemsare dynamically
decoupledbut have commonobjectivesand constraints
which make them interact between each other. Typi-
cally the interaction is local, i.e., the objective and the
constraints of a subsystemare function of only a sub-
set of other subsystems'states. The interaction will be
represented by an \in teraction graph", where the nodes
represent the subsystemsand an arc betweentwo nodes
denotesa coupling term in the objectivesand/or in the
constraints associated with the nodes.Also, typically it
is assumedthat the exchangeof information has a spe-
cial structure, i.e., it is assumedthat each subsystem
can senseand/or exchangeinformation with only a sub-
setof other subsystems.Often the interaction graph and
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the information exchangegraph coincide. A decentral-
ized control schemeconsistsof distinct controllers, one
for each subsystem,wherethe inputs to each subsystem
are computed only basedon local information, i.e., on
the states of the subsystemand its neighbors.

Our interest in decentralized control for dynamically de-
coupledsystemsarisesfrom the abundanceof networks
of independently actuated systemsand the necessity of
avoiding centralized designwhenthis becomescomputa-
tionally prohibitiv e. Networks of vehiclesin formation,
production units in a power plant, network of cameras
at an airport, mechanical actuators for deforming sur-
faceare just a few examples.Each network hasits pecu-
liarit y. In formation 
igh t for instancethe coupling con-
straints arise from collision avoidance. The interaction
graph is full (each vehiclehasto avoid all other vehicles)
but it is often approximated with a time-varying graph
basedon a \closest spatial neighbors" model. Examples
of applications and current approachesfor decentralized
control designcan be found in [1,9,11,25,34,36].

In this paper we make useof RecedingHorizon Control
(RHC) schemes.The main idea of RHC is to use the
model of the plant to predict the future evolution of the
system[24]. Basedon this prediction, at each time step
t a certain performanceindex is optimized under oper-
ating constraints with respect to a sequenceof future in-
put moves.The �rst of such optimal movesis the control
action applied to the plant at time t. At time t + 1, a new
optimization is solved over a shifted prediction horizon.

A decentralized RHC scheme for decoupled systems
has recently appeared in [8], which usesa continuous
time formulation with unconstrained subsystems.The
authors make use of information exchange between
subsystemsand establish bounds on the mismatch be-
tween actual and predicted state evolutions which are
su�cien t for stabilit y of the overall system. A di�eren t
information exchange scheme can be found in [29,30],
which is valid for a special graph structure basedon a
leader-follower architecture. In this latter work, authors
formulate their problem in discrete time using robust
RHC and assumethe presenceof coupling constraints
betweensubsystems.

In this manuscript we proposea rigorous mathematical
framework for designingdecentralized recedinghorizon
controllers in discrete time. In our framework a central-
ized RHC controller is broken into distinct RHC con-
trollers of smaller sizes.Each RHC controller is associ-
ated with a di�eren t node and computesthe local con-
trol inputs basedonly on the states of the node and of
its neighbors.Wetakeexplicitly into account constraints
and usesthe model of the neighbors to predict their be-
havior. In the secondpart of the paper, we analyze the
properties of the proposedscheme and intro duce su�-
cient stabilit y conditions. Such conditions (i) highlight

the role of prediction errorsbetweenneighborsin the sta-
bilit y of the overall system,(ii) arelocal to each nodeand
function only of neighboring nodesthat can be reached
trough at most two edges,thus leading to complexity
reduction for interconnection graphs of large diameter
(iii) help understand the importance of information ex-
changebetweenneighbors and its role in stabilizing the
entire system. Finally, in the last part of the paper we
focuson linear systemsand show how to recast the sta-
bilit y conditions into a set of semi-de�nitenesstests.

2 Problem form ulation

Consider a set of Nv linear decoupled dynamical sys-
tems, the i -th system being described by the discrete-
time time-invariant state equation:

x i
k+1 = f i (x i

k ; ui
k ); (1)

where x i
k 2 Rn i

, ui
k 2 Rm i

, f i : Rn i
� Rm i

! Rn i

are state, input and state update function of the i -th
system,respectively. Let X i � Rn i

andUi � Rm i
denote

the set of feasiblestates and inputs of the i -th system,
respectively:

x i
k 2 X i ; ui

k 2 Ui ; k � 0; (2)

whereX i and Ui are given polytopes.

We will refer to the set of Nv constrained systemsas
the overall system. Let ~xk 2 RN v n i

and ~uk 2 RN v m i

be the vectors which collect the states and inputs of
the overall system at time k, i.e., ~xk = [x1

k ; : : : ; xN v
k ],

~uk = [u1
k ; : : : ; uN v

k ], with

~xk+1 = f (~xk ; ~uk ); (3)

where f : RN v n i
� RN v m i

! RN v n i
and f (~xk ; ~uk ) =

[f 1(x1
k ; u1

k ); : : : ; f N v (xN v
k ; uN v

k )]. We denote by (x i
e; ui

e)
the equilibrium pair of the i -th system and (~xe,~ue) the
corresponding equilibrium for the overall system. The
state update functions f i are assumedto be continuous
and stabilizable at the equilibrium for all i = 1; : : : ; Nv .

So far the subsystemsbelonging to the overall system
are completely decoupled.We consideran optimal con-
trol problem for the overall systemwhere cost function
and constraints couplethe dynamic behavior of individ-
ual systems.We usea graph topology to represent the
coupling in the following way. We associate the i -th sys-
tem to the i -th node of the graph, and if an edge(i; j )
connecting the i -th and j -th node is present, then the
cost and the constraints of the optimal control problem
will have coupling terms, which are functions of both x i
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and x j . The graph will be de�ned as

G = fV ; Ag; (4a)

A (i; j ) =

(
1; if (i; j ) 2 A

0; otherwise
(4b)

whereV is the setof nodesV = f 1; : : : ; Nv g, A � V� V is
the setsof arcs(i; j ) with i 2 V; j 2 V and A 2 RN v � N v

is the adjacencymatrix of the graph.

Remark 1 Often the graphedgesare chosento be time-
varying, based on a particular neighbor selection policy.
For instance in the caseof formation 
ight, the intercon-
nection graphis ful l dueto collision avoidance(sinceeach
vehiclehasto avoideveryother), but it is usually replaced
with a time-varying \closest spatial neighbor" relation-
ship. For simplicity, a time-invariant graph structure is
assumed throughout the paper. References to decentral-
ized RHC using time-varying graphscan be found in [3].

Once the graph structure has been�xed, the optimiza-
tion problem is formulated as follows. Denote with ~x i

the states of all neighboring systems of the i -th sys-
tem, i.e., ~x i = f x j 2 Rn j

j(i; j ) 2 Ag, ~x i 2 R~n i
with

~ni =
P

j j ( i;j )2A nj . Analogously, ~ui 2 R ~m i
denotesthe

inputs to all the neighboring systemsof the i -th system,
and (~x i

e; ~ui
e) represent their equilibria. Let

gi;j (x i ; x j ) � 0; (5)

de�ne the coupling constraints betweenthe i -th and the
j -th systems,where (i; j ) 2 A , with gi;j : Rn i

� Rn j
!

Rnc i;j
being a continuous function. We will often use

the following shorter form of the coupling constraints
de�ned betweenthe i -th systemand all its neighbors:

gi (x i ; ~x i ) � 0; (6)

with gi : Rn i
� R~n i

! Rnc i
, wherenci =

P
j j ( i;j )2A nci;j .

Consider the following cost

l(~x; ~u) =
N vX

i =1

l i (x i ; ui ; ~x i ; ~ui ); (7)

where l i : Rn i
� Rm i

� R~n i
� R ~m i

! R is the cost
associated with the i -th systemand is a function only of
its states and the states of its neighbor nodes.

l i (x i ; ui ; ~x i ; ~ui ) =
X

( i;j )2A

l i;j (x i ; ui ; x j ; uj )

+
X

(q;r )2A ;
( i;q )2A ;( i;r )2A

lq;r (xq; uq; x r ; ur ); (8)

where l i;j : Rn i
� Rm i

� Rn j
� Rm j

! R is the
cost function involving two adjacent nodes. We as-
sume throughout the paper that l i;j are positive con-
vex continuous functions such that l i;j (x i ; ui ; ~x i ; ~ui ) �
ck(x i ; ui ; ~x i ; ~ui )k2, c > 0 and that l i (x i

e; ui
e; ~x i

e; ~ui
e) = 0.

We consider the following in�nite time optimal control
problem

~J �
1 (~x) , min

f ~u 0 ; ~u 1 ;::: g

1X

k=0

l (~xk ; ~uk ) (9a)

subj. to x i
k+1 = f i (x i

k ; ui
k ); (9b)

i = 1; : : : ; Nv ; k � 0

x i
k 2 X i ; ui

k 2 Ui ; (9c)
i = 1; : : : ; Nv ; k � 0

gi;j (x i
k ; x j

k ) � 0; (9d)
i = 1; : : : ; Nv ; k � 0;
(i; j ) 2 A

~x0 = ~x(0): (9e)

For a given initial state ~x(0) 2 RN v n i
, if problem (9) is

feasible,then the optimal input ~u�
0; ~u�

1; : : : will drive the
Nv systemsto their equilibrium points x i

e while satisfy-
ing state, input and coupling constraints.

Remark 2 Throughout the paper we assumethat a so-
lution to problem (9) exists, thus generating a feasible
and stabletrajectory for the overall system.Our assump-
tion is not restrictive. If there is no in�nite time cen-
tralized optimal control problemful�l ling the constraints,
then there is no reasonto look for a decentralized receding
horizon controller with the sameproperties.

Remark 3 Note that the coupling constraints gi;j are
not necessarily convexand problem(9) might havemul-
tiple optima. In this case,~u�

0; ~u�
1; : : : is oneof the optimal

input sequences.

With the exception of a few cases,solving an in�nite
horizon optimal control problem is computationally pro-
hibitiv e. An in�nite horizon controller can be designed
by repeatedly solving �nite time optimal control prob-
lems in a receding horizon fashion as described next.
At each sampling time, starting at the current state, an
open-loop optimal control problem is solvedover a �nite
horizon. The optimal command signal is applied to the
processonly during the following sampling interval. At
the next time step a new optimal control problem based
on newmeasurements of the state is solvedover a shifted
horizon. The resultant controller is often referred to as
RecedingHorizon Controller (RHC). Assumeat time t
the current state ~x t to be available. Considerthe follow-
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ing constrained �nite time optimal control problem

~J �
N (~x t ) , min

f Ut g

N � 1X

k=0

l (~xk ;t ; ~uk ;t ) + lN (~xN ;t ) (10a)

subj. to x i
k+1 ;t = f i (x i

k ;t ; ui
k ;t ); (10b)

i = 1; : : : ; Nv ; k � 0

x i
k ;t 2 X i ; ui

k ;t 2 Ui (10c)

i = 1; : : : ; Nv ;
k = 1; : : : ; N � 1

gi;j (x i
k ;t ; x j

k ;t ) � 0; (10d)

i = 1; : : : ; Nv ; (i; j ) 2 A ;
k = 1; : : : ; N � 1

~xN ;t 2 Xf ; (10e)
~x0;t = ~x t ; (10f)

where N is the prediction horizon, X f � RN v n i
is a

terminal region, lN is the cost on the terminal state.
In (10) Ut , [~u0;t ; : : : ; ~uN � 1;t ] 2 Rs, s , Nv mN denotes
the optimization vector, x i

k ;t denotesthe state vector of
the i -th nodepredicted at time t + k obtained by starting
from the state x i

t and applying to system (1) the input
sequenceui

0;t ; : : : ; ui
k � 1;t . The tilded vectorswill denote

the prediction vectorsassociatedwith the overall system.

Let U �
t = f ~u�

0;t ; : : : ; ~u�
N � 1;t g be an optimal solution

of (10) at time t. Then, the �rst sampleof U �
t is applied

to the overall system(3)

~ut = ~u�
0;t : (11)

The optimization (10) is repeated at time t + 1, based
on the new state ~x t +1 .

It is well known that stabilit y is not ensuredby the RHC
law (10){(11). Usually the terminal cost lN and the ter-
minal constraint set Xf are chosento ensureclosed-loop
stabilit y. A treatment of su�cien t stabilit y conditions
goes beyond the scope of this work and can be found
in the surveys [6,21,23,24]. We assumethat the reader
is familiar with the basic concept of RHC and its main
issues,we refer to the above referencesfor a comprehen-
sive treatment of the topic. In general,the optimal input
ui

t to the i -th systemcomputed by solving (10) at time
t, will be a function of the overall state information ~x t .
In the next sectionwe proposea way to decentralize the
RHC problem de�ned in (10)-(11).

3 Decen tralized control scheme

We addressthe complexity associated with a central-
ized optimal control design for the classof large scale
decoupledsystemsdescribed in the previous section by

formulating Nv decentralized �nite time optimal con-
trol problems,each oneassociated with a di�eren t node.
Each node has information about its current statesand
its neighbors' current states.Basedon such information,
each node computes its optimal inputs and its neigh-
bors' optimal inputs. The input to the neighbors will
only be used to predict their tra jectories and then dis-
carded, while the �rst component of the optimal input
to the nodewill be implemented whereit wascomputed.

A more formal description follows. Let the following �-
nite time optimal control problem Pi with optimal value
function J i �

N (x i
t ; ~x i

t ) be associated with the i -th system
at time t

min
~U i

t

N � 1X

k=0

l i
t (x

i
k ;t ; ui

k ;t ; ~x i
k ;t ; ~ui

k ;t ) + l i
N (x i

N ;t ; ~x i
N ;t )

subj. to x i
k+1 ;t = f i (x i

k ;t ; ui
k ;t ); (12a)

x i
k ;t 2 X i ; ui

k ;t 2 Ui ; (12b)

k = 1; : : : ; N � 1

x j
k+1 ;t = f j (x j

k ;t ; uj
k ;t ); (i; j ) 2 A ; (12c)

x j
k ;t 2 X i ; uj

k ;t 2 Uj ; (i; j ) 2 A ; (12d)

k = 1; : : : ; N � 1

gi;j (x i
k ;t ; ui

k ;t ; x j
k ;t ; uj

k ;t ) � 0; (12e)

(i; j ) 2 A ; k = 1; : : : ; N � 1
gq;r (xq

k ;t ; uq
k ;t ; x r

k ;t ; ur
k ;t ) � 0; (12f)

(q; r ) 2 A ; (i; q) 2 A ; (i; r ) 2 A ;
k = 1; : : : ; N � 1

x i
N ;t 2 X i

f ; x j
N ;t 2 X j

f ; (i; j ) 2 A (12g)

x i
0;t = x i

t ; ~x i
0;t = ~x i

t ; (12h)

where ~U i
t , [ui

0;t ; ~ui
0;t ; : : : ; ui

N � 1;t ; ~ui
N � 1;t ] 2 Rs,

s , ( ~m i + mi )N denotes the optimization vector,
x i

k ;t denotes the state vector of the i -th node pre-
dicted at time t + k obtained by starting from the
state x i

t and applying to system(1) the input sequence
ui

0;t ; : : : ; ui
k � 1;t . The tilded vectors denote the predic-

tion vectors associated with the neighboring systems
by starting from their states ~x i

t and applying to their
models the input sequence~ui

0;t ; : : : ; ~ui
k � 1;t . Denote by

~U i �
t = [u� i

0;t ; ~u� i
0;t ; : : : ; u� i

N � 1;t ; ~u� i
N � 1;t ] an optimizer of

problem Pi .

Note that problem Pi involvesonly the state and input
variablesof the i -th nodeand its neighborsat time t. We
will de�ne the following decentralized RHC scheme.At
time t

(1) Each node i solvesproblem Pi basedon measure-
ments of its state x i

t and the statesof all its neigh-
bors ~x i

t .
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(2) Each node i implements the �rst sampleof ~U i �
t

ui
t = u� i

0;t : (13)

(3) Each node repeatssteps1 to 3 at time t + 1, based
on the new state information x i

t +1 , ~x i
t +1 .

In order to solveproblem Pi each nodeneedsto know its
current states, its neighbors' current states, its terminal
region, its neighbors' terminal regions and models and
constraints of its neighbors. Basedon such information
each nodecomputesits optimal inputs and its neighbors'
optimal inputs. The input to the neighbors will only be
used to predict their tra jectories and then discarded,
while the �rst component of the i -th optimal input of
problem Pi will be implemented on the i -th node. The
solution of the i -th subproblemwill yield a control policy
for the i -th node of the form ui

t = ci (x i
t ; ~x i

t ), where ci :
Rn i

� R~n i
! Rm i

is a time-invariant feedback control
law implicitly de�ned by the optimization problem P i .

Remark 4 In the formulation above, a priori knowl-
edgeof theoverall systemequilibrium (~xe; ~ue) is assumed.
The equilibrium could bede�ned in several other di�er ent
ways.For instance, in a probleminvolving mobileagents
wecan assumethat thereis a leader(real or virtual) which
is moving and the equilibrium is given in terms of dis-
tances of each agent from the leader. Also, it is possible
to formulate the equilibrium by using relative distances
between agentsand signed areas [26]. The approach of
this paper doesnot depend on the way the overall system
equilibrium is de�ned, as long as this is known a priori.
In somedecentralized control schemes,the equilibrium is
not knowna priori, but is the resultof theevolution of de-
centralized control lawssuchas in [12,28]. The approach
of the paper is not applicableto suchschemes.

Remark 5 The problemformulation of (12) lendsitself
to generalization and is 
exible enoughto describe ad-
ditional characteristics of a particular application. For
instance, delayed information and additional communi-
cation between neighbors can be incorporated in the for-
mulation as well. We might also assumethat terminal
set constraints of neighbors are not known exactly. For
the sakeof simplicity, wewil l not consider thesepossible
modi�c ations and focus on problem(12).

Even if we assumeN to be in�nite, the decentralized
RHC approach described sofar doesnot guarantee that
solutions computed locally are globally feasibleand sta-
ble. The reasonis simple:at the i -th node the prediction
of the neighboring state x j is done independently from
the prediction of problem Pj . Therefore, the tra jectory
of x j predicted by problem Pi and the onepredicted by
problem Pj , basedon the sameinitial conditions, aredif-
ferent (sincein general,Pi and Pj will bedi�eren t). This
will imply that constraint ful�llmen t will be ensuredby

the optimizer u� i
t for problem Pi but not for the central-

ized problem involving the statesof all nodes.

Stabilit y and feasibility of decentralized RHC schemes
are currently active research areas[5,8,10,18,29]. In the
following section the stabilit y of the decentralized RHC
scheme(12)-(13) is analyzedin detail.

4 Stabilit y analysis

Without loss of generality, we assumethe origin to be
an equilibrium for the overall system. In this section,
we rely on the generalproblem formulation intro duced
in Section 2 and focus on systemswith input and state
constraints, no coupling constraints and terminal point
constraint to the origin X i

f = 0. Thus the decentralized
�nite time optimal control problem associated with the
i -th node at time t will have the following form:

min
~U i

t

N � 1X

k=0

l i
t (x

i
k ;t ; ui

k ;t ; ~x i
k ;t ; ~ui

k ;t )

subj. to x i
k+1 ;t = f i (x i

k ;t ; ui
k ;t ); (14a)

x i
k ;t 2 X i ; ui

k ;t 2 Ui ; (14b)

k = 1; : : : ; N � 1

x j
k+1 ;t = f j (x j

k ;t ; uj
k ;t ); (i; j ) 2 A ; (14c)

x j
k ;t 2 X i ; uj

k ;t 2 Uj ; (i; j ) 2 A ; (14d)

k = 1; : : : ; N � 1

x i
N ;t = 0; x j

N ;t = 0; (i; j ) 2 A (14e)

x i
0;t = x i

t ; ~x i
0;t = ~x i

t : (14f)

We will make the following assumptionon the structure
of individual cost functions:

Assumption 1 The cost term l i in (8) associated with
the i -th systemcan be written as follows

l i (x i ; ui ; ~x i ; ~ui ) = kQx i kp + kRui kp

+
X

j j ( i;j )2A

kQx j kp +
X

j j ( i;j )2A

kRuj kp

+
X

j j ( i;j )2A

kQ(x i � x j )kp

+
X

(q;r )2A ;
( i;q )2A ;( i;r )2A

kQ(xq � x r )kp: (15)

where kM xkp denotesthe p-norm of the vector M x if
p = 1; 1 or x0M x if p = 2.

Remark 6 The cost function structure in Assumption1
can be used to describe several practical applications in-
cluding formation 
ight, paper machinecontrol andmon-
itoring network of cameras [3].
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In classical RHC schemes, stabilit y and feasibility is
proven by using the value function asa Lyapunov func-
tion. We will investigate three di�eren t approaches to
analyzing and ensuringstabilit y of the overall system:

(1) Useof individual cost functions asLyapunov func-
tions for each node (Sections4.1, 4.2 and 4.3).

(2) Useof the sum of individual cost functions asLya-
punov function for the entire system(Section 4.4).

(3) Exchange of optimal solutions between neighbors
(Section 4.5).

The following notation will beusedto describestate and
input signals.For a particular variable, the �rst super-
script refers to the index of the corresponding system,
the secondsuperscript refers to the location where it is
computed. For instancethe input ui;j represents the in-
put to the i -th systemcalculatedby solving problem P j .
Similarly, the state variable x i;j stands for the states of
systemi predicted by solving Pj . The lower indicescon-
form to the standard time notation of RHC schemes.For
example,variable xk ;t denotesthe k-step aheadpredic-
tion of the states madeat time instant t.

4.1 Individual value functions as Lyapunov functions

In order to illustrate the fundamental issuesregarding
stabilit y in a simple way, we �rst consider two systems
(Nv = 2). The generalformulation for an arbitrary num-
ber of nodesis treated later in Section4.2. We consider
two decentralized RHC problems P1 and P2 according
to (14). In order to simplify notation, we de�ne

`1(x1
t ; U1;1

t ; x2
t ; U2;1

t ) =
NX

k=1

l1(x1;1
k ;t ; u1;1

k ;t ; x2;1
k ;t ; u2;1

k ;t ); (16)

where x1
t and x2

t are the initial states of systems
1 and 2 at time t, and U1;1

t = f u1;1
0;t ; : : : ; u1;1

N � 1;t g,

U2;1
t = f u2;1

0;t ; : : : ; u2;1
N � 1;t g are the control sequencesfor

node 1 and 2 calculated by node 1. Let [U1;1�
0 ; U2;1�

0 ] be
an optimizer of problem P1 for t = 0:

U1;1�
0 = f u1;1

0;0; : : : ; u1;1
N � 1;0g; U2;1�

0 = f u2;1
0;0; : : : ; u2;1

N � 1;0g;
(17)

and

x1;1
0 = f x1;1

0;0; : : : ; x1;1
N ;0g; x2;1

0 = f x2;1
0;0; : : : ; x2;1

N ;0g;

be the corresponding optimal state tra jectories of node
1 and 2 predicted at node 1 by P1.

Analogously, let [U1;2�
0 ; U2;2�

0 ] be an optimizer of prob-
lem P2 for t = 0:

U1;2�
0 = f u1;2

0;0; : : : ; u1;2
N � 1;0g; U2;2�

0 = f u2;2
0;0; : : : ; u2;2

N � 1;0g;
(18)

and

x1;2
0 = f x1;2

0;0; : : : ; x1;2
N ;0g; x2;2

0 = f x2;2
0;0; : : : ; x2;2

N ;0g;

be the corresponding optimal state tra jectories of node
1 and 2 predicted at node2 by P2. By hypothesis,neigh-
boring systemseither measureor exchangestate infor-
mation, so the initial states for both problems are the
sameat each time step, i.e., x1;1

0;0 = x1;2
0;0 and x2;1

0;0 = x2;2
0;0.

Remark 7 It shouldbenoted that althoughthetwo prob-
lems P1 and P2 involve the same subsystems,multiple
optima can arise from non-strictly convexcost functions.
Furthermore, in a more general setting, for larger num-
ber of nodes with an arbitrary graph interconnection,
adjacent nodes have di�er ent set of neighbors and thus
are solving di�er ent subproblemsPi . Non-convex cou-
pling constraints would be a source of multiple optimal
solutions as well. These factors lead to di�er ent opti-
mal solutions for neighboring problemsand warrant dis-
tinguishing between U1;1� ; U1;2� and U2;1� ; U2;2� in (17)
and (18).

We denote the set of states of node i at time k feasible
for problem Pi by

X i
k =

�
x i j 9ui 2 Ui such that f i (x i ; ui ) 2 X i

k+1

	
\ X i ;

with X i
N = X i

f : (19)

Sincewe are neglecting coupling constraints, the set of
feasiblestates for the decentralized RHC scheme (14)-
(13) applied to the overall systemis the crossproduct of
the feasibleset of states associated with each node:

Xk =
N vY

i =1

X i
k ; (20)

where the symbol
Q

denotes the standard Cartesian
product of sets.

Denote with

c(~xk ) =
h
u1;1�

0;k (~xk ); u2;2�
0;k (~xk )

i
; (21)

the control law obtained by applying the decentralized
RHC policy (14)-(13) with cost function (16), when the
current state is ~xk = [x1

k ; x2
k ]. Consider the overall sys-

tem model (3) consisting of two nodes (Nv = 2), and
denotewith

~xk+1 = f (~xk ; c(~xk )) ; (22)

the closed-loop dynamics of the entire system. In the
following theorem we state su�cien t conditions for the
asymptotic stabilit y of the closed-loop system.

Theorem 1 Assumethat

6



(A0) Q = Q0 � 0; R = R0 � 0 if p = 2 and Q; R are
ful l column rank matrices if p = 1; 1 .

(A1) The state and input constraint sets X 1; X 2 and
U1; U2 contain the origin in their interior.

(A2) The following inequality is satis�ed for all x i
0 2

X i
0 , x j

0 2 X j
0 with i = 1, j = 2 and i = 2, j = 1:

" � kQx i
0kp+ kQx j

0kp+ kQ(x i
0� x j

0)kp+ kRui;i
0;0kp+ kRuj ;i

0;0kp;
(23)

where

" =
N � 1X

k=1

�
2kQ(x j ;j

k ;0 � x j ;i
k ;0)kp + kR(uj ;j

k ;0 � uj ;i
k ;0)kp

�
:

(24)

Then, the origin of the closed loop system(22) is asymp-
totically stablewith domain of attraction X 1

0 � X 2
0 .

Proof: We will show that the value function of each in-
dividual node is a Lyapunov function, which decreases
from one time step to the next J i �

N (~x i
t +1 ) � J i �

N (~x i
t ), if

the assumptions of the theorem hold. Without loss of
generality wewill assumet = 0 and considerproblem P1

�rst and its optimal solution U1;1�
0 and U2;1�

0 at time 0.
The shifted sequencesU1;1

1 = f u1;1
1;0; : : : ; u1;1

N � 1;0; 0g and

U2;1
1 = f u2;1

1;0; : : : ; u2;1
N � 1;0; 0g of problem P1, are not nec-

essarily feasible at the next time step t = 1 since the
state of system2 at time 1 is x2;2

1;0 and not x2;1
1;0, even as-

suming no model uncertainty (seeRemark 7). However,
one can construct a feasible shifted sequenceby using
the optimizer of problem P2

U2;2
1 = f u2;2

1;0; : : : ; u2;2
N � 1;0; 0g: (25)

This is possible,sincethe dynamics of both subsystems
are decoupled.Furthermore, we have assumedno cou-
pling constraints, which implies that U1;1

1 and U2;2
1 will

be feasibleat time t = 1 for problem P1.

At the next time step (t = 1), the current states of
the two systems are denoted by x1;1

0;1 and x2;2
0;1. Since

the neighboring state information is exchangedbetween
nodes,or assumedto be measured,we have x1;2

0;1 = x1;1
0;1

and x2;1
0;1 = x2;2

0;1 aswell. We usethe following notation:

x1
0 = x1;1

0;0 = x1;2
0;0 x1

1 = x1;1
0;1 = x1;2

0;1

x2
0 = x2;2

0;0 = x2;1
0;0 x2

1 = x2;2
0;1 = x2;1

0;1

~x0 = (x1
0; x2

0) ~x1 = (x1
1; x2

1)

We can compute a bound on the value function as fol-

lows:

J 1�
N (~x1) � `1(x1

1; U1;1
1 ; x2

1; U2;2
1 ) (26a)

= J 1�
N (~x0) � kQx1

0kp � kQx2
0kp � kQ(x1

0 � x2
0)kp

�k Ru1;1
0;0kp � kRu2;1

0;0kp

(26b)

�
N � 1X

k=1

(kQx2;1
k ;0kp � kQx2;2

k ;0kp) (26c)

�
N � 1X

k=1

(kRu2;1
k ;0kp � kRu2;2

k ;0kp) (26d)

�
N � 1X

k=1

(kQ(x1;1
k ;0 � x2;1

k ;0)kp � kQ(x1;1
k ;0 � x2;2

k ;0)kp): (26e)

It should be emphasizedthat in (26a) the cost function
`1 of problem P1 is evaluated using the feasibleshifted
input sequenceU2;2

1 for node 2 and the corresponding
state tra jectory.

The cost function J 1�
N (~x0) in (26) is associated with the

optimal control solution U2;1�
0 of P1. The cost `1 in (26a)

insteadis evaluated at the sequenceU2;2
1 associated with

P2. The mismatch between the two control sequences
U2;2

1 in (25) and U2;1�
0 in (17) generatesthe terms in

(26d). The di�erence between these control sequences
generatesalsoa mismatch betweenthe state tra jectories
of node 2 predicted at node 1 and predicted at node 2.
Theseare represented by the terms in (26c) and (26e).

Using the homogenity axiom of vector normsand apply-
ing k� kp � k� kp � k� � � kp leadsto

J 1�
N (~x1) � J 1�

N (~x0) � (terms in (26b)) (27a)

+
N � 1X

k=1

�
2kQ(x2;2

k ;0 � x2;1
k ;0)kp + kR(u2;2

k ;0 � u2;1
k ;0)kp

�
: (27b)

Notice that the term (27b) arises from the control so-
lution mismatch betweenP1 and P2, and it represents
" =

P N � 1
k=1 (2kQ(x j ;j

k ;0 � x j ;i
k ;0)kp + kR(uj ;j

k ;0 � uj ;i
k ;0)kp) de-

�ned in (24) for i = 1, j = 2. It follows that if inequality
(23) holds, then J 1�

N (~x1) � J 1�
N (~x0). This implies that

under the assumptionsof Theorem 1 J 1�
N (~x) is positive

and non-increasing along the closed-loop tra jectories,
thuscanbeusedasa Lyapunov function for node1. The
samederivation appliesto node2 and its associated cost
function.

The rest of the proof follows from Lyapunov arguments,
closein spirit to the arguments of [16] where it is estab-
lished that the value function J �

N (�) of the recedinghori-
zon problem is a Lyapunov function for the closed-loop
system. Basedon the hypothesis (A0) on the matrices
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Q and R, inequality (23) is su�cien t to ensurethat the
state of the closed-loop system(22) convergesto zeroas
k ! 1 . Stabilit y follows from the fact that J 1�

N (x) and
J 2�

N (x) can be lower and upper bounded by functions
� (k~xk) and � (k~xk), where � ; � : R+ ! R+ are of class
K [24]. 2

Theorem 1 highlights the relationship betweenthe sta-
bilit y of the decentralized scheme(14)-(13) and the al-
lowable prediction mismatch at all points in the state
spaceof the overall system. The term " in inequality
(23) is a function of the error between the tra jectories
of node 2 predicted by node 1 and the onepredicted by
node 2 itself. The smaller the error, the larger the set of
initial states for which the value function will decrease
along the overall systemtra jectories.

Similar ideascan be usedif instead of a terminal point
constraint, nonzeroterminal cost and terminal set con-
straints Xf 6= 0 are used. In this case,the terminal set
has to be control invariant and the terminal cost is cho-
sen as a control Lyapunov function [13,22,24]. In the
following section we show how to extend the previous
arguments to a graph with more than two nodes.

4.2 Generalization to arbitrary number of nodes and
graph

The development of Section4.1carriesover to any num-
ber of nodesand generalgraph structure. Let us denote
the decentralized receding horizon control law for the
overall systemwith

c(~xk ) =
h
u1;1�

0;k (~x1
k ); : : : ; uN v ;N v �

0;k (~xN v
k )

i
; (28)

obtainedby applying the decentralized RHC policy (14)-
(13) of each subproblem Pi when the current state is
~xk = [x1

k ; : : : ; xN v
k ]. Note that sincethere areno coupling

constraints, the feasiblestates for the overall system is
the crossproduct of the feasiblestates associated with
each node asde�ned in (19) and (20). Consider the sys-
tem model (3) and denoteby

~xk+1 = f (~xk ; c(~xk )) ; (29)

the closed-loop dynamics of the overall system. Su�-
cient conditions for asymptotic stabilit y of the closed-
loop systemare given next.

Theorem 2 Assume

(A0) Q = Q0 � 0; R = R0 � 0 if p = 2 and Q; R are
ful l column rank matrices if p = 1; 1 .

(A1) The stateand input constraint setsX i andUi con-
tain the origin for each node in their interior.

(A2) The following inequality is satis�ed for each node
and all x i

0 2 X i
0 :

X

j j ( i;j )2A

" i;j + � i � J i �
0 ; (30)

where

" i;j =
N � 1X

k =1

�
2kQ(x j ;j

k ;0 � x j ;i
k ;0)kp + kR(uj ;j

k ;0 � uj ;i
k ;0)kp

�
;

(31)

� i =
N � 1X

k =1

X

( q;r ) 2A ;
( i;q ) 2A ;( i;r ) 2A

�
kQ(xq;q

k ;0 � xq;i
k ;0) � Q(x r ;i

k ;0 � x r ;r
k ;0)kp

�
;

(32)

and

J i �
0 = kQx i

0kp + kRui;i
0;0kp +

X

j j ( i;j ) 2A

(kQx j
0kp + kRuj ;i

0;0kp )

+
X

j j ( i;j ) 2A

kQ(x i
0 � x j

0)kp +
X

( q;r ) 2A ;
( i;q ) 2A ;( i;r ) 2A

kQ(xq
0 � x r

0)kp : (33)

Then, the origin of the closed loop system(29) is asymp-
totically stablewith domain of attraction

Q N v
i =1 X i

0 .

Proof: The proof follows along the lines of Theorem 1.
The di�erence is the derivation of stabilit y condition
(30) for any particular node within an arbitrary graph
interconnection A . This is given next.

Considerthe cost function (15) in Assumption 1 for any
node i . For more compact notation, we can de�ne l i;j as

l i;j (x i ; ui ; x j ; uj ) = kQx j kp + kQ(x i � x j )kp + kRuj kp;
(34)

and construct ` i;j as

` i;j (x i
t ; U i;i

t ; x j
t ; U j ;i

t ) =
NX

k=1

l i;j (x i;i
k ;t ; ui;i

k ;t ; x j ;i
k ;t ; uj ;i

k ;t ):

(35)
The value function ` i of node i will then have the follow-
ing form:

` i (x i
t ; U i;i

t ; ~x i
t ; ~U~{;~{

t ) =
NX

k=1

(kQx i;i
k ;t kp + kRui;i

k ;t kp)

+
X

j j ( i;j )2A

` i;j (x i
t ; U i;i

t ; x j
t ; U j ;j

t )

+
NX

k=1

X

(q;r )2A ;
( i;q )2A ;( i;r )2A

kQ(xq;q
k ;t � x r ;r

k ;t )kp;

(36)
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where ~U~{;~{
t = f U j ;j

t j(i; j ) 2 Ag and the shifted feasible
solution sequenceof problem Pj for a neighboring node
j is denotedby U j ;j

t = f uj ;j
1;t � 1; : : : ; uj ;j

N � 1;t � 1; 0g.

Using the notation intro duced above, we can intro duce
the following upper bound on the cost function

J i �
N (x i

1; ~x i
1) � ` i (x i

1; U i;i
1 ; ~x i

t ; ~U~{;~{
t )

= J i �
N (x i

0; ~x i
0)

� kQx i
0kp � kRui;i

0;0kp

�
X

j j ( i;j )2A

kQx j
0kp �

X

j j ( i;j )2A

kRuj ;i
0;0kp

(37a)

�
X

j j ( i;j )2A

kQ(x i
0 � x j

0)kp

�
X

(q;r )2A ;
( i;q )2A ;( i;r )2A

kQ(xq
0 � x r

0)kp
(37b)

�
N � 1X

k=1

X

j j ( i;j )2A

(kQx j ;i
k ;0kp � kQx j ;j

k ;0kp) (37c)

�
N � 1X

k=1

X

j j ( i;j )2A

(kRuj ;i
k ;0kp � kRuj ;j

k ;0kp) (37d)

�
N � 1X

k=1

X

j j ( i;j )2A

(kQ(x i;i
k ;0 � x j ;i

k ;0)kp � kQ(x i;i
k ;0 � x j ;j

k ;0)kp)

(37e)

�
N � 1X

k=1

X

(q;r )2A ;
( i;q )2A ;( i;r )2A

(kQ(xq;i
k ;0 � x r ;i

k ;0)kp � kQ(xq;q
k ;0 � x r ;r

k ;0)kp):

(37f)

Notice the extra terms in (37f) comparedto the simple
casein (26), which stemsfrom relativestate information
amongneighbors.

Using the homogenity axiom of vector normsand apply-
ing k� kp � k� kp � k� � � kp leadsto

J i �
N (x i

1; ~x i
1) � J i �

N (x i
0; ~x i

0) (38a)

� kQx i
0kp � kRui;i

0;0kp

�
X

j j ( i;j )2A

kQx j
0kp �

X

j j ( i;j )2A

kRuj ;i
0;0kp

(38b)

�
X

j j ( i;j )2A

kQ(x i
0 � x j

0)kp

�
X

(q;r )2A ;
( i;q )2A ;( i;r )2A

kQ(xq
0 � x r

0)kp
(38c)

+
X

j j ( i;j )2A

" i;j (38d)

+ � i ; (38e)

where " i;j and � i were de�ned in (31) and (32), respec-
tiv ely.

The positive value function J i �
N (x i ; ~x i ) is non-increasing

along the closed-loop tra jectories and thus can be used
asa Lyapunov function for node i if the sum of terms in
(38b)-(38c) and (38d)-(38e) is nonpositive:

X

j j ( i;j )2A

" i;j + � i + (terms in (38b) and (38c))
| {z }

� J i �
0

� 0; (39)

which leads to the inequality
P

j j ( i;j )2A " i;j + � i � J i �
0

shown in the stabilit y condition (30) of Theorem 2. 2

Remark 8 Assumption (A2) of Theorem 2 extendsAs-
sumption (A2) of Theorem 1 to arbitrary graphs and
number of nodes. In general, nodes may have multiple
neighbors, which lead to additional terms on the left hand
side of the inequality (30) compared to (23), including
prediction mismatch terms between neighbors in (32).

Theorem 2 presents a su�cien t condition for testing the
stabilit y of the decentralized schemeintro duced in Sec-
tion 3. The conditions arelocal conditions to betestedat
each individual node and require bounding the predic-
tion mismatch betweenneighboring subsystems.These
results follow in the footstepsof oneof the stabilit y anal-
ysis methods presented in the survey paper [15], where
stabilit y tests for large-scaleinterconnectedsystemsare
formulated in terms of the individual Lyapunov func-
tions and boundson subsysteminterconnections.In our
work, the conceptof theseboundshasan exact relation-
ship with the prediction mismatch betweenneighboring
subsystems.It is clear that for large scalesystems,the
stabilit y condition (30) leads to complexity reduction.
The formulation of these local stabilit y tests is high-
lighted in the next sectionfor the caseof linear systems.
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4.3 Heterogeneous unconstrained LTI subsystems

For heterogeneousunconstrained linear time-invariant
(LTI) subsystems,with state matrices A i 2 Rn � n ; B i 2
Rn � m ; i = [1; : : : ; Nv ], the stabilit y condition (30) when
p = 2 is usedin Assumption 1 leadsto testing the semi-
de�niteness of Nv matrices. The stabilit y condition (30)
for a particular node i involves the states of its neigh-
bors x j ;j

k ;0 predicted at time 0 by the neighbor j itself,

(i; j ) 2 A . A predicted neighboring state x j ;j
k ;0 is a func-

tion of the input sequenceuj ;j
k ;0 computed at node j ,

which is then a function of the initial states of all the
neighbors of node j . This implies that the test for node
i involves the states of node i , all its neighbors' states,
and the states of the neighbors of neighbors. Thus the
dimension of the local stability tests are limited by the
maximum size of any subgraph with diameter less than
or equal to four. In this section, we will describe the lo-
cal semi-de�niteness tests deriving from (30). In order
to provide additional insight, an example for the case
of identical subsystemsand special interconnectionswill
be presented in Section6.

Since the local RHC problems are time-invariant,
without loss of generality we set the generic initial
time to t = 0. Consider node i with initial state
x i

0. As de�ned in Section 2, ~x i
0 denotes the states

of its neighbors at the same time instant. We de-
note the states of the neighbors of neighbors to node
i (which are not connected to the i -th node) by
�x i

0 =
�

xq 2 Rn q
j9j (j ; q) 2 A ; (i; j ) 2 A ; (i; q) =2 A

	
.

We use �x i
0 = [x i

0 ~x i
0 �x i

0]0 to denote the collection of self,
neighboring and two-step neighboring states of node i .
Using the notation ui;i

[0;N � 1];0 = [ui;i
0;0; : : : ; ui;i

N � 1;0]0 for
time sequences,the solution to problem (14) associated
with node i can be expressedas

2

6
6
4

ui;i
[0;N � 1];0

~ui;i
[0;N � 1];0

�ui;i
[0;N � 1];0

3

7
7
5 =

2

6
6
4

K i
11 K i

12 0

K i
21 K i

22 0

0 0 0

3

7
7
5

2

6
6
4

x i
0

~x i
0

�x i
0

3

7
7
5 =

2

6
6
4

K i
1

K i
2

0

3

7
7
5 �x i

0; (40)

whenthe subsystems(1) areunconstrainedLTI systems.
Basedon (40), we will usethe following notation for k-
step aheadpredicted input values:

ui;i
k ;0 =

h
K i

11;k K i
12;k 0

i

| {z }
K i

1 ;k

�x i
0; uj ;i

k ;0 =
h
K j ;i

21;k K j ;i
22;k 0

i

| {z }
K j ;i

2 ;k

�x i
0;

(41)
where K i

1;k and K j ;i
2;k are submatrices of K i

1 and K i
2,

respectively.

We use the above notation to express the solu-
tion uj ;j

[0;N � 1];0 to problem (14) associated with node

j ; (i; j ) 2 A asan explicit function of the initial states:

uj ;j
[0;N � 1];0 =

h
i K j

11
i K j

12
i K j

13

i
�x i

0; (42)

and thus

uj ;j
k ;0 =

h
i K j

11;k
i K j

12;k
i K j

13;k

i

| {z }
i K j

1;k

�x i
0: (43)

Note that the control input uj ;j
k ;0 can also be expressed

as a function of �x j
0 (e.g. in the local stabilit y condition

associated with node j ), thus the upper left index i is
neededto distinguish the above controller gain matrix
entries.

Using (41) and (43), we can expresspredicted states for
any node j ; (i; j ) 2 A as

x j ;j
k ;0 = 	 j ;j

k �x i
0; x j ;i

k ;0 = 	 j ;i
k �x i

0; (44)

where the matrix 	 j ;j
k is a function of A i ; f A j j(i; j ) 2

Ag; B i ; f B j j(i; j ) 2 Ag and i K j
1 . Similarly, matrix 	 j ;i

k
is a function of A i ; f A j j(i; j ) 2 Ag; B i ; f B j j(i; j ) 2 Ag
and K j ;i

2 .

Based on equations (41), (43) and (44), all the terms
in the stabilit y condition (30) can be expressedas a
quadratic form of �x i

0. The three terms on the left sideof
(30) canbeexpressedusingthe following three matrices:

� i
N =

N � 1X

k=1

X

j j ( i;j )2A

2(	 j ;j
k � 	 j ;i

k )0Q0Q(	 j ;j
k � 	 j ;i

k );

(45a)

� i
N =

N � 1X

k=1

X

j j ( i;j )2A

( i K j
1;k � K j ;i

2;k )0R0R( i K j
1;k � K j ;i

2;k );

(45b)

� i
N =

N � 1X

k=1

X

(q;r )2A ;
( i;q )2A ;( i;r )2A

(Q�	 q;r ;i
k )0(Q�	 q;r ;i

k ); (45c)

where �	 q;r ;i
k = 	 q;q

k + 	 r ;r
k � 	 q;i

k � 	 r ;i
k . Denoting

the number of neighbors of node i by N i
v , the following

matrices are used to expressterms on the right side of
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(30):

Ri
1 = (RK i

1;0)0(RK i
1;0); (46a)

Ri
2 =

�
(I N i

v

 R)K i

2;0

� 0�
(I N i

v

 R)K i

2;0

�
; (46b)

Q1 =

2

6
6
4

Q0Q 0 0

0 0 0

0 0 0

3

7
7
5 ; Qi

2 =

2

6
6
4

0 0 0

0 I N i
v


 (Q0Q) 0

0 0 0

3

7
7
5 ; (46c)

Qi
3 = D 0

1

�
I N i

v

 (Q0Q)

�
D1; (46d)

Qi
4 = D 0

2

�
I �N i

v

 (Q0Q)

�
D2; (46e)

D1 =

2

4

h
1N i

v
� I N i

v

i

 I n

0

3

5 ; (46f)

where 1N i
v

denotesa column vector of '1'-s of size N i
v ,

and D2 is a matrix that multiplies �x i
0 to form a vector

of xq
0 � x r

0 di�erences for all (q; r ) 2 A such that (i; q) 2
A ; (i; r ) 2 A . Matrix D2 has �N i

v � n rows, where �N i
v

denotesthe number of terms in the last sumof (33). Each
block row of D2 contains two nonzero block elements.
Theseare I n and � I n , which areusedto form all xq

0 � x r
0

state di�erences when multiplied by �x i
0.

Using the matrices in (45)-(46), the stabilit y condition
(30) for node i is equivalent to testing whether

� i
N + � i

N + � i
N � Q1 + R i

1 + Qi
2 + R i

2 + Qi
3 + Qi

4: (47)

Stabilit y of the overall system can be concludedif (47)
holds for all i 2 [1; : : : ; Nv ].

4.4 Sum of value functions as Lyapunov function

If we considerthe sum of individual cost functions as a
Lyapunov function for the entire system,the value func-
tion inequality such asthe onein (27) will involvesignif-
icantly more terms than the casepresented in the pre-
vious sections[17]. In fact, this condition might be less
restrictiv e than the one presented in (30). Even if the
individual inequalities for single systems such as (27)
presented in the previous sectionmight not hold for ev-
ery subproblem Pi , the sum of individual value func-
tions could still be usedas a Lyapunov function for the
entire system. This will be the case if the quantitiesP

j j ( i;j )2A " i;j and � i of nodeswith decreasingindividual
Lyapunov functions J i �

N (x i ; ~x i ) will be small enoughto
compensatefor thoseassociated with the non-decreasing
ones.

4.5 Exchangeof information

Stabilit y conditions derived in the previous sections
show that it is the mismatch between the predicted

and actual control solutions of neighbors that plays a
central role in the stabilit y problem. Therefore we are
prompted to investigate how su�cien t conditions for
stabilit y could be improved by allowing the exchangeof
optimal solutions between neighbors. Examining con-
dition (23) from this standpoint, we can immediately
make two generalobservations:

(1) Using bounds on the mismatch between the pre-
dicted andactual inputs andstatesof neighbors,the
stabilit y condition (23) could be made lessrestric-
tiv e by reducing the sizeof positive terms in (27b),
which adverselya�ect the value function variation
of (27). In other words,usinga coordination scheme
basedon information exchange,it may be possible
to reduce the size of " to decreasethe left side of
inequality (23).

(2) Also, one can observe that as each node is getting
closerto its equilibrium (in our examplethe origin)
the right side of inequality (23) starts to diminish,
which leads to more stringent restrictions on the
allowable prediction mismatch betweenneighbors,
represented by the left sideof the inequality.

These observations suggestthat information exchange
between neighboring nodes has a bene�cial e�ect in
proving stabilit y, if it leads to reduced prediction mis-
match. As each system converges to its equilibrium,
assumptions on the behavior of neighboring systems
should get more and more accurate to satisfy the sta-
bilit y condition (23). In fact, assystem(22) approaches
its equilibrium the right hand sideof inequality (23) de-
creases.In turn, the left hand sideof inequality (23) has
to diminish as well. This leads to the counter-intuitiv e
conclusionthat an increasinginformation exchangerate
betweenneighbors might be neededwhen approaching
the equilibrium. These conclusions are in agreement
with the stabilit y conditions of a distributed RHC
schemeproposedin [8], where it is shown that informa-
tion exchangebetweenneighbors must happen increas-
ingly more frequently as the system equilibrium is ap-
proached. However, our simulation examples[3,18,27]
suggest that the prediction errors between neighbors
tend to disappear as each node approaches its equilib-
rium, and the prediction mismatch converges to zero
at a faster rate than the decay in the right hand side.
A di�eren t information exchangeschemecan be found
in [29,30], which is valid for a special graph structure
basedon a leader-follower architecture.

5 Ensuring feasibilit y

If coupling constraints arepresent, ensuringfeasibility in
a decentralized recedinghorizon control schemewithout
intro ducing excessively conservative assumptions is a
challenging problem. Consider for instance the problem
of choosinglocal terminal regionsfor each decentralized
RHC problem (12). Even if we assumeterminal point
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constraints (the most conservativeandsimplestformula-
tion), infeasibility for the overall systemcan occur since
coupling constraints may be violated due to the mis-
match between neighbors' predictions and their closed
loopbehavior. Indeed,decoupledterminal regionsdonot
enforcefeasibility of coupling constraints, which renders
them lesse�ectiv e than in a centralized approach. We
refer the readerto the works [2,3,5,14,17,20,29,32] and
referencestherein for a detailed discussionon variousap-
proaches to constraint ful�llmen t in such decentralized
schemes.

6 Example

In this sectionwe show how the stabilit y condition (30)
leads to three matrix semi-de�niteness tests based on
Section4.3 for a �nite string interconnection of at least
�v e identical unconstrained, linear time-invariant sys-
tems shown in Figure 1, whosedynamics are described
by

xk+1 = Ax k + B uk : (48)

The adjacencymatrix of such graph interconnectioncan
be written as

A =

2

6
6
6
6
6
6
6
6
4

0 1 0 � � � 0

1 0 1 � � � 0
...

. . .
. . .

. . .
...

0 � � � 1 0 1

0 � � � 0 1 0

3

7
7
7
7
7
7
7
7
5

: (49)

Fig. 1. Long string-lik e interconnection example.

We will derive the stabilit y test for a generic node i 2
[3; Nv � 2] in the interconnection,and assuminga predic-
tion horizon of N = 2 for simplicit y. The generalization
to longer horizons is immediate. Node i has two nodes
denotedby + and � asneighbors,and twonodesdenoted
by # and = as two-stepneighbors to the right and left,
respectively (seeFigure 1). The vector of self, neighbor-
ing and two-stepneighboring initial statesof node i will
be denotedby �x i

0 = [x i
0 ~x i

0 �x i
0]0 as in Section 4.3 for the

general case.In the example at hand, the neighboring
vectorswill have the following entries

~x i
0 =

"
x+

0

x �
0

#

; �x i
0 =

"
x#

0

x=
0

#

: (50)

Node i has two neighbors, node + and node � . Thus,
the local RHC problem Pi will involve three subsystems.

Consider problem Pi and the corresponding stabilit y
constraint basedon (23):

2kQ(x+ ;+
1;0 � x+ ;i

1;0 )k + kR(u+ ;+
1;0 � u+ ;i

1;0 )k+

2kQ(x � ;�
1;0 � x � ;i

1;0 )k + kR(u� ;�
1;0 � u� ;i

1;0 )k

� kQx i
0k + kQx+

0 k + kQx �
0 k+

kRui;i
0;0k + kRu+ ;i

0;0 k + kRu� ;i
0;0 k+

kQ(x i
0 � x+

0 )k + kQ(x i
0 � x �

0 )k:
(51)

The \op en-loop" solutions to the �nite-time optimal
control problems Pi , P+ and P� depend on the initial
states �x i

0 and can be written as

ui;i
0;0 =

h
K i

11;0 K i
12;0 0

i

| {z }
K i

1 ; 0

�x i
0;

u+ ;i
0;0 =

h
K + ;i

21;0 K + ;i
22;0 0

i

| {z }
K + ;i

2 ; 0

�x i
0; u� ;i

0;0 =
h
K � ;i

21;0 K � ;i
22;0 0

i

| {z }
K � ;i

2 ; 0

�x i
0;

u+ ;i
1;0 =

h
K + ;i

21;1 K + ;i
22;1 0

i

| {z }
K + ;i

2 ; 1

�x i
0; u� ;i

1;0 =
h
K � ;i

21;1 K � ;i
22;1 0

i

| {z }
K � ;i

2 ; 1

�x i
0;

u+ ;+
0;0 =

h
i K +

11;0
i K +

12;0
i K +

13;0

i
�x1

0;

i K +
12;0 =

h
i � +

12;0 0
i

; i K +
13;0 =

h
i � +

13;0 0
i

;

u+ ;+
1;0 =

h
i K +

11;1
i K +

12;1
i K +

13;1

i
�x1

0;

i K +
12;1 =

h
i � +

12;1 0
i

; i K +
13;1 =

h
i � +

13;1 0
i

;

u� ;�
0;0 =

h
i K �

11;0
i K �

12;0
i K �

13;0

i
�x1

0;

i K �
12;0 =

h
0 i � �

12;0

i
; i K �

13;0 =
h
0 i � �

13;0

i
;

u� ;�
1;0 =

h
i K �

11;1
i K �

12;1
i K �

13;1

i
�x1

0;

i K �
12;1 =

h
0 i � �

12;1

i
; i K �

13;1 =
h
0 i � �

13;1

i
:

Basedon thesecontrol inputs, the predicted states can
be expressedby

x+ ;i
1;0 = Ax +

0 + B u+ ;i
0;0 =

h
B K + ;i

21;0

h
A 0

i
+ B K + ;i

22;0 0
i

| {z }
	 + ;i

1

�x1
0;

x+ ;+
1;0 = Ax +

0 + B u+ ;+
0;0 =

=
h
B i K +

11;0

h
A 0

i
+ B i K +

12;0 B i K +
13;0

i

| {z }
	 + ; +

1

�x1
0;
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Similarly, we can de�ne

	 � ;i
1 =

h
B K + ;i

21;0

h
0 A

i
+ B K + ;i

22;0 0
i

	 � ;�
1 =

h
B i K �

11;0

h
0 A

i
+ B i K �

12;0 B i K �
13;0

i
:

Using the notation intro duced above, the stabilit y con-
dition in (51) will have the following form:

� i
2z }| {

2

"
	 + ;+

1 � 	 + ;i
1

	 � ;�
1 � 	 � ;i

1

#0"
Q0Q 0

0 Q0Q

# "
	 + ;+

1 � 	 + ;i
1

	 � ;�
1 � 	 � ;i

1

#

+

� i
2z }| {

"
i K +

1;1 � i K +
2;1

i K �
1;1 � i K �

2;1

#0"
R0R 0

0 R0R

# "
i K +

1;1 � i K +
2;1

i K �
1;1 � i K �

2;1

#

�

2

6
6
4

Q0Q 0 0

0 0 0

0 0 0

3

7
7
5

| {z }
Q 1

+

2

6
6
6
6
6
4

0 0 0

0

"
Q0Q 0

0 Q0Q

#

0

0 0 0

3

7
7
7
7
7
5

| {z }
Q i

2

+

2

6
6
6
6
6
4

2Q0Q
h
� Q0Q � Q0Q

i
0

"
� Q0Q

� Q0Q

# "
Q0Q 0

0 Q0Q

#

0

0 0 0

3

7
7
7
7
7
5

| {z }
Q i

3

+

(RK i
1;0)0(RK i

1;0)
| {z }

R i
1

+

"
K + ;i

2;0

K � ;i
2;0

#0"
R0R 0

0 R0R

# "
K + ;i

2;0

K � ;i
2;0

#

| {z }
R i

2

:

(52)

Condition (52) for stabilit y of node i 2 [3; Nv � 2] can
be compactly written as:

� i
2 + � i

2 � Q1 � Qi
2 � Qi

3 � R i
1 � R i

2 � 0; (53)

where each term is a symmetric matrix of dimension
5n � 5n.

Sinceeach nodehasidentical dynamics,the stabilit y test
shown in (53) will be the samefor all i 2 [3; Nv � 2]. In
order to concludestabilit y of the overall system,the test
in (53) has to be veri�ed together with two similar but
smaller testsderived for i = 1 and i = 2 (identical to the
tests derived for i = Nv and i = Nv � 1). We point out
that if the interconnection is a circle (i.e., the entries in

the upper right and lower left cornersof A are one) of
at least �v e nodes,then the stabilit y test wold resort to
testing only (53).

7 Conclusions

A decentralized recedinghorizon control schemefor de-
coupledsystemshas beenproposedand its stabilit y in-
vestigated.We have highlighted how the derived stabil-
it y conditions lead to complexity reduction in stabilit y
analysisandan examplehasbeenprovided for specialin-
terconnectionssuch as long strings of subsystems.Each
test involvesthe statesof asmany nodesasare included
in the \one-neighbor-expansion" of the subgraph asso-
ciated with each subproblem. This meansthat the size
of these local tests are limited by the maximum sizeof
any subgraph with diameter lessthan or equal to four.
Thusthe largestreduction in complexity canbeexpected
when the diameter of the overall interconnection graph
is large.

The decentralized recedinghorizon framework proposed
in this paper hasbeenapplied in simulation to a number
of large scale control problems with success.Di�eren t
methodologiesof handling the feasibility issuewere im-
plemented on numerousexamples.Referencesto forma-
tion 
igh t application examplesusinga hovering ducted-
fan unmanned air vehicle can be found in [2,3,18,19].
The proposedschemehas also beenapplied to a paper
machine control problem asdescribed in [4].
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